We establish a new simple explicit description of combinatorial wall-crossing for the rational Cherednik algebra applied to the trivial representation. In this way we recover a theorem of P. Dimakis and G. Yue in arXiv:1711.05006. We also present two conjectures on combinatorial wall-crossing which were found using computer experiments.
Introduction
We study an algorithm for combinatorial wall-crossing for the rational Cherednik algebra communicated to us by R. Bezrukavnikov (see Section 3 of [DY] ). More precisely, let 0 < w 1 < ... < w k < a/b be all the rational numbers with denominator at most n between 0 and a/b (we call them "walls"). Let M d be the Mullineux involution with base d for an integer d. We will study the properties of the permutation M a/b = M t w k • · · · • M t w1 on partitions of n, where "t" stands for transposed partition (note that we call the involution M wi wall-crossing across a wall w i ).
We remark that Loseu proved in [L] that wall-crossing functors are represented by Mullineux transposed on the level of the K-group. Wall-crossing functors were studied in [BL] . The motivation for considering the above permutation comes from Bezrukavnikov's combinatorial conjecture (see Appendix A in [DY] ) which relates wall-crossing functors to monodromy of the quantum connection. More precisely, Bezrukavnikov conjectured that certain invariants (corresponding to dimensions of supports of simple representations of the rational Cherednik algebra) of the composition of the above involutions are equal to similar invariants for a composition of involutions which are much simpler, in particular do not involve the Mullineux involution in their definition.
The paper is organized as follows. In Section 2 we find a new description of partitions obtained by applying this algorithm to the trivial representation, which were studied in Section 3 of [DY] , and using this description we prove a statement equivalent to the Main Theorem of [DY] . In Section 3 we conjecture the effect of this algorithm on the sign representation for a prime value of the size of the partition. Finally, in Section 4 we conjecture the inductive structure of this algorithm by means of adding one good box.
Trivial representation
The Farey sequence for n is the sequence of all rational numbers between 0 and 1 which have denominator at most n. We place all Young diagrams in the fourth quadrant (i.e. the quadrant with x > 0 and y < 0) so that the horizontal and vertical boundaries of the Young diagram are aligned with the corresponding coordinate axes.
We define an order on pairs of integers by ( 
). This in turn implies that Proof. Using induction on the number of boxes in the Young diagram, we assume that the statement of the theorem is true for n − 1 boxes and the wall a/b. By the Lemma the boxes on the largest diagonal with respect to the function f a,b (x, y) = ax − (b − a)y of the partition of n − 1 to the left of the wall a/b slide down when we cross this wall (undergo generalized column regularisation in the language of [DY] ). The added box when we pass from the partition of n − 1 to the partition of n to the left of the wall a/b is good because it is the lowest one on the diagonal where there are only removable boxes of this residue and no such indent boxes above the added box. To the right of the wall a/b we add a box on top of the boxes in the largest diagonal with respect to f a,b . By the lemma this is the next smallest box with respect to f a ′ ,b ′ where a ′ /b ′ is the fraction in the Farey sequence immediately to the right of a/b. On the other hand, the same box has the property that it is good for the transposed partition and has the opposite residue in the transposed partition to the residue on the largest diagonal with respect to f a,b . Hence Mullineux transposed of the partition to the left of a/b with the new box added is the partition to the right of a/b with the new box added. Therefore we completed the step of induction on the pair (n, Corollary 1. We deduce Theorem 3.5(2) in [DY] which states that Mullineux transposed gives us generalized column regularization at each step of wall-crossing for the trivial representation.
Sign representation
Let n be a prime number and let sgn n be the partition of n corresponding to the sign representation of the symmetric group S n , i.e. its Young diagram is a column of height n. Let r be at term in the n-th Farey sequence. For a rational number s = p q let M s denote the q-Mullineux involution on partitions of n. Let 0 < w 1 < ... < w k < r be all the terms of the n-th Farey sequence between 0 and r. Let N r denote the involution M r • M w k • · · · • M w1 on partitions of n.
Given positive integers f 1 < · · · < f m and g 1 , . . . , g m , we will write f bi+1 the partition N r (sgn n ) of n is of the form z t x y where x, y, z, t satisfy
Remark 2. Together with the equation xy + zt = n, the above two equations form a system of three equations with four unknowns to be solved over the integers, which is equivalent to one linear Diophantine equation
Remark 3. One can begin proving the conjecture by noticing that Mullineux's original definition of the b i -Mullineux involution uses the notion of b i -rim of a partition. From Conjecture 1 it follows that the b i+1 -rim of the partition N r (sgn n ) is obtained from the usual rim of N r (sgn n ) by removing the top row, and the b i -rim of the transposed partition N r (sgn n ) t is obtained from the usual rim of N r (sgn n ) t by removing the top row. Furthermore, after removing the first b i+1 -rim, the Young diagram still has at most two possible lengths of rows.
Added good box conjecture
The following was checked using a computer program for Young diagrams of size at least 40:
Conjecture 2. If one Young diagram is obtained from another by adding one box to the first row in the interval (0, 1/n), these diagrams will differ by adding one good box to some row at any step of the above composition of wall-crossings.
Remark 4. There are interpretations of this conjecture in terms of a crystal for the elliptic Hall algebra and in terms of components of the fixed point set of an element of finite order in the Hilbert scheme of points in the plane.
